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Electrostatic Correction of Structural Imperfections
Present in a Microring Gyroscope
Barry J. Gallacher, John Hedley, James S. Burdess, Alun James Harris, Alexandria Rickard, and David O. King
Abstract—This paper describes a procedure for identifying
mass and stiffness imperfections present in a microring gyroscope.
In general mass and stiffness imperfections will be present as a
result of fabrication variances and will contribute to mistuning
of the gyroscope. Both mass and stiffness imperfections are
treated as perturbations of the ideal isotropic mass and stiffness.
The mass and stiffness perturbations are combined to form a
structural imperfection, which is shown to be determinable from
Nyquist plots of the frequency response functions. An analysis
of electrostatic “tuning” is presented and demonstrates that the
nonlinear negative spring component produced from a particular
arrangement of capacitive electrodes is capable of removing such
structural imperfections. If uncorrected the structural imperfec-
tions would otherwise result in anisoinertia and anisoelasticity.
A comparison between the theoretically predicted tuning voltage
and the experimentally derived value is made and shown to be
in agreement. The major advantage of electrostatic tuning is that
it may be implemented on-chip during operation thus providing
active tuning. This is in contrast to the trimming techniques
employing laser ablation or focussed ion beam, which may only be
done prepackaging. [1283]
Index Terms—Anisoelasticity, anisoinertia, gyroscopes, tuning.
NOMENCLATURE
Ring radius.
Ring width.
Ring thickness.
Structural imperfection parameters.
Nominal electrode gap.
Generalized stiffness of perfect ring gyroscope.
Generalized mass of perfect ring gyroscope.
Natural frequency of perfect ring gyroscope.
Generalized coordinates with respect to electrode axis.
Ratio of modal amplitudes.
V Applied voltage.
Arc angle of electrode.
Phase angle between responses.
Mass perturbation factor.
Mistuning factor.
Stiffness perturbation factor.
Angular position of electrode.
Natural frequencies of imperfect ring gyroscope.
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I. INTRODUCTION
THE isotropic inertial and elastic properties of a perfectlyformed cyclically symmetric ring ensure that certain sets
of flexural modes of vibration exist in degenerate pairs and
that the orientation of the pairs is indeterminate. This “tuned”
condition may be used to advantage in order to improve the
performance of ring gyroscopes [1]–[9]. Any structural im-
perfection introduced into the ring or its suspension during
fabrication will break the cyclic symmetry. This is manifested
as a frequency split between the otherwise tuned natural fre-
quencies. The modes of vibration become coupled through
both the mass and stiffness matrices of the system and their
orientation becomes determinate. To sense rate of rotation the
gyroscope utilizes Coriolis coupling between the modes of
vibration and any anisoinertia and anisoelasticity will reduce
the amplitude of the mode of vibration excited in response to
an applied rate of rotation.
The paper begins by investigating the dynamics of the nonper-
fect ring by treating the structural imperfections as perturbations
of the generalized mass and stiffness values of the ideal sus-
pended ring. A procedure for determining the parameters, which
describe the structural imperfections is derived. The second half
of the paper describes the electrostatic tuning procedure used to
restore the tuning and thus produce degenerate flexural modes.
A practical demonstration of electrostatic tuning of a single axis
ring gyroscope manufactured by QinetiQ is included to support
the theoretical analysis.
The major benefit of employing an electrostatic scheme to
minimize anisoinertia and anisoelasticity over the trimming
techniques reported in [10]–[13] is that it may be performed
and updated and does not produce permanent damage to the
structure.
The subject of electrostatic tuning of vibrating gyroscopes
is available in the literature [2], [14]–[16]. While [2] does pro-
vide experimental evidence of electrostatic tuning, its does not
however provide any procedural information or analysis. Elec-
trostatic correction of anisoelasticity is reported in [14], [15].
A thorough analysis and useful procedure is presented, how-
ever, correction for anisoinertia is not investigated. Furthermore,
no experimental results are presented. The major difference be-
tween the work presented here and in [14] and [15] is that cor-
rection for both mass and stiffness imperfections are explored.
In addition, the procedure and analytical model are supported
with extensive experimental results. Partial electrostatic tuning
of a ring gyroscope is reported in [16]. The analysis presented
does not illustrate the electrode arrangement required to com-
pletely remove the effect of structural imperfections and thus
tune the natural frequencies.
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Fig. 1. Ring and an arbitrary electrode.
II. DYNAMICS OF THE IMPERFECT RING
The mode shapes and natural frequencies of a perfect axisym-
metric ring are well known and are available in the literature [1],
[5], [13], [16]–[18]. In the single axis ring gyroscope the modes
are sensitive to angular velocities applied about the polar axis
of the ring and the in-plane flexural modes of circumferential
order are of practical interest [1]–[9]. Fig. 1 shows the
centre-line of the imperfect ring of radius , width and thick-
ness . The dynamics of the ring are expressed with respect to an
axis X passing through the ring centre O and the midpoint of an
electrode. With respect to this axis the primary mode of the gy-
roscope is characterized by radial and tangential displacements
having spatial variations proportional to and ,
respectively and by a natural frequency . This mode is re-
ferred to as the mode and its contribution to the motion
is described by the generalized coordinate . The secondary
mode, which is excited in response to an angular velocity ap-
plied about the polar axis of the ring, is characterized by radial
and tangential displacements having spatial variations
and and by a natural frequency . This mode is subse-
quently referred to as the mode. Its contribution to the
overall motion is described by the generalized coordinate . In
this perfectly axisymmetric case the natural frequencies of both
modes are equal thus . For a suspended ring it may be
shown that the natural frequencies of the th-order modes will
still be identical if the suspension possesses a particular cyclic
symmetry. For the case where , compatible cyclic orders
for the suspension arrangement are etc. [13]. In
this analysis it is assumed that the presence of the suspension
does not significantly modify the mode shapes of the perfect
ring. Further, it is assumed that the modes shapes are not signif-
icantly modified by small deviations from perfect axisymmetry
due to structural imperfections.
Also shown in Fig. 1 is an arbitrary electrode at an angle
measured with respect to the X-axis and displaced radially from
the ring by . The capacitive air gap formed between the outer
surface of the ring and the electrode is given by . As these
electrodes are normally formed from the same deposition step
[5] or from the same substrate material as the ring [6], the elec-
trode thickness is equal to that of the ring. Normally a plurality
of electrodes are employed to provide the driving, sensing and
Fig. 2. Suitable electrode configuration for tuning n = 2 case.
TABLE I
DEVICE DIMENSIONS
tuning functions for the device. Consider the general case where
driving is performed using a set consisting of electrodes and
tuning is performed using a set consisting of electrodes.
The equation of motion for the in-plane flexural modes of
order may always be written in the form [21]
(1)
where , and represent perturbations in the general-
ized mass and stiffness values, and of the ideal ring. Note
that the electrostatic stiffness components associated with the
drive electrodes have been incorporated into the stiffness per-
turbation parameters and . Therefore, the tuning procedure
must remove the structural imperfections and also the electro-
static stiffness contribution from the drive electrodes.
In normal operation the ring gyroscope will be vacuum pack-
aged and since quality factors in excess of 10 000 are typically
found [4], the effect of damping on the natural frequencies is
small and has been neglected.
An examination of the eigenvectors of (1) shows that the
modes of the imperfect ring are fixed with respect to X. Matrix
is the stiffness matrix corresponding to the tuning electrodes
and is the forcing vector resulting from the drive electrodes
providing the excitation.
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Fig. 3. Values of  for the two possible orientations of Nyquist plots.
The off-diagonal terms in the either the mass or stiffness ma-
trices of the system described by (1) result in coupling between
the two equations of motion. Cross-coupling prevents indepen-
dent tuning of the natural frequencies and will contribute to the
frequency split. Equation (1) shows that the on-diagonal or di-
rect terms of both the mass and stiffness matrices are not iden-
tical. Therefore the natural frequencies of both modes will be
different even in the absence of any coupling.
Equations (2) and (3) express the radial and tangential dis-
placements of a point on the centre line of the ring in terms
of the undamped, unforced flexural modes of an unsupported
ring
(2)
(3)
The electrical energy stored in the capacitor, formed between
the ring (assumed to be held at earth potential) and the drive
electrode, biased with a voltage is given by
(4)
It is assumed that the air-gap , is small with respect to the ring
radius and so the ring and the electrode form a parallel plate ca-
pacitor. As the radial displacement of the ring is assumed to be
Fig. 4. The QinetiQ silicon ring gyroscope.
small compared to the nominal air gap separation, terms of order
greater than may be ignored. Fringing effects between
adjacent electrodes are neglected. The generalized stiffness ma-
trix and forcing vector for the arbitrary drive electrode may be
obtained from substituting in the expression for the radial dis-
placement given by (2) into (4) and by determining
and .
The forcing vector and stiffness matrix resulting from
the arbitrary electrode are given by (5)–(6) shown at the bottom
of the page.
(5)
(6)
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III. SUITABLE ELECTRODE CONFIGURATION FOR DRIVING
From the expression for the forcing vector described by
(5), it is clear that forcing of only the modes occurs for
values of described by
(7)
The forcing vector at these values of is described by
(8)
The corresponds to odd and even values of the index variable
, respectively. Forcing of the mode is achieved through
employing either electrodes positioned at odd or even values of
.
Similarly, forcing of only the modes occurs for values
of described by
(9)
The forcing vector is given by
(10)
Again, the corresponds to odd and even values of the index
variable , respectively. Forcing of the mode is per-
formed by using electrodes either at odd or even values of .
IV. SUITABLE ELECTRODE CONFIGURATION FOR TUNING
From (6), the stiffness matrix of an arbitrary tuning electrode
biased with a voltage and positioned at will be of the
form of (11) shown at the bottom of the page. The cross-cou-
pling between the two equations of motion corresponding to the
two modes of vibration may be modified through the off-diag-
onal terms of the stiffness matrix. From (11) it is clear that the
greatest change in the cross-coupling between the generalized
coordinates and occurs when .
Therefore, the possible electrodes positions used to adjust the
cross-coupling terms are described by
(12)
Note that in this case . Thus, the direct terms terms
are unaffected by electrodes placed at these positions.
The greatest change in the direct terms occurs when
.
Therefore the possible electrode positions used to adjust the
direct terms are described by
(13)
Note that at these electrode positions . Thus the
coupling between the generalized coordinates is unaffected.
Fig. 2 shows a suitable electrode configuration for the case
where .
V. ELECTROSTATIC STIFFNESS OF TUNING ELECTRODES
Consider the case where the th and th electrodes at posi-
tions described by odd and even values of the index variable
in (13) are biased with the voltage and , respectively. By
defining
such that , the stiffness matrix for an electrode is given
by
(14)
(15)
where
(16)
Consider the case where the th and th electrodes at positions
described by odd and even values of the index variable in (12)
are biased with the voltage and , respectively.
By defining such that , the
stiffness matrix for an electrode is given by
(17)
(18)
where
(19)
(11)
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The electrostatic stiffness matrix from the tuning electrodes may
now be expressed in the form
(20)
The cyclic arrangement of tuning electrodes has now been sep-
arated into four distinct sets with each set consisting of a max-
imum of electrodes. The parameters and are the
number of tuning electrodes employed. The two sets of elec-
trodes corresponding to stiffness matrix and may be
employed to reduce the natural frequencies of the and
modes respectively. Which set of electrodes is used de-
pends on which mode has the higher natural frequency. For ex-
ample, suppose , then reduction of the natural fre-
quencies of the mode is achieved by employing the
set corresponding to stiffness matrix . Similarly, if
then reduction of the natural frequencies of the mode
is achieved by employing the set corresponding to stiffness ma-
trix . However, it will be shown later that if any coupling be-
tween the and modes is present then it will be
impossible to completely eliminate the frequency split such that
. Removal of the coupling between the modes may be
achieved through employing the electrode sets corresponding to
stiffness matrices and .
VI. CONDITIONS FOR TUNING
Consider the situation where the drive electrodes of the
are activated. The dynamics of the ring are now ex-
pressed by
(21)
The external force and thus the response are assumed to be har-
monic with frequency .
Therefore,
(22)
where and represent the phase angle of the responses.
Recall that electrostatic stiffness resulting from any dc com-
ponent of the drive electrodes has been incorporated in the stiff-
ness imperfection parameters.
If the external forcing is assumed to be in the vicinity of the
undamped natural frequency , then it may be represented in the
form
(23)
By making use of (20), (22), and (23), (21) may be written in
the form
where
(24)
The terms , and are defined as
(25)
The parameters and are the on-diagonal and off-diagonal
structural imperfections resulting from mass and stiffness per-
turbations.
It should be noted here that the terms and are products
of small quantities and have been neglected.
The natural frequencies of the imperfect ring may be obtained
from the requirement that , which yields the expression
(26)
The frequency split between the modes is therefore given by
(27)
The conditions and are necessary for identical
natural frequencies and yield
(28)
(29)
Equations (28) and (29) show that appropriate values for
, and must to chosen in order to remove the effect
of the direct and cross imperfection parameters and .
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Fig. 5. The drive and sense circuitry.
VII. DETERMINING THE MIS-TUNING AND
IMPERFECTION PARAMETERS
The mis-tuning parameter and the imperfection parameters
and must be determined before the electrostatic correction
procedure can be employed. To determine , and consider
the forced equation of motion described by (24) when the volt-
ages applied to the tuning electrodes are zero. Thus
.
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Fig. 6. The response from the cos(n) mode sense electrode when forcing at the sin(n) drive electrode. Tuning voltage V = 0.
Fig. 7. The frequency and amplitude of the gyro’s modes of vibration measured at the cos(n) sense electrode.
A. Determining the Mis-Tuning
When , (26) reduces to
Therefore, the undamped natural frequencies of the imperfect
ring are for mode
(30)
and for
(31)
where
(32)
In addition, an expression for in terms of the undamped nat-
ural frequencies may be obtained using (30) and (31).
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Fig. 8. Nyquist plot of the cos(n) mode from the cos(n) mode sense electrode. Forcing at the sin(n) drive electrode. Tuning voltage V = 0.
Thus
(33)
B. Determining the Imperfection Parameters
To determine and , recall the equation of motion described
by (24). Multiplying both sides of (24) by the inverse of the
matrix , when yields
(34)
where
(35)
From (35), it is clear that identical values of are obtained
for . By assigning the natural frequencies of the and
modes to and ,
respectively, the ratio of the responses is given by
Thus
(36)
where
(37)
An expression for determining is therefore
(38)
Both and are may be measured experimentally. The phase
angle between the modes may be determined from Nyquist
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Fig. 9. Nyquist plot of the sin(n) from the sin(n) mode sense electrode. Forcing at the sin(n) drive electrode. Tuning voltage V = 0.
plots of displacement or velocity frequency response. Fig. 3 il-
lustrates the two possible cases for the Nyquist plots. In the in-
stance where the Nyquist circle of an th order mode is enclosed
by the Nyquist circle of the another th order mode, .
Otherwise, . Note that for the two possible
values of .
The substitution of from (38), into the expression for
given by (32) yields a quadratic equation for of which the
permissible roots are
(39)
The root corresponds to the special case where the cross im-
perfection in the device described by parameter is zero.
Equations (38) and (39) show that the imperfection parame-
ters and are now expressed in terms of measurable quanti-
ties , and . Clearly from (39), when either
or .
Determination of the stiffness imperfection present in a
micro-gyroscope through using a principal component analysis
is also discussed in [14] and [15]. Mass imperfections are not
considered. The forced dynamic method described requires the
orientation of the principal axes of elasticity to be determined
and also measurements of normal mode frequencies. Mass
imperfections will contribute to the frequency split between the
modes. Whilst in some gyroscope designs it may be true that
the stiffness perturbation resulting from fabrication variances
is greater than that of mass, the exclusion of mass perturba-
tion from the analysis will place a restriction on the practical
application of the algorithm described. The inclusion of mass
imperfections ultimately means that a measurement of the
normal mode frequencies and orientation of the principal axes
will be insufficient for determining the structural imperfection.
VIII. CORRECTION OF ANISOINERTIA AND ANISOELASTICITY
The cross imperfection parameter results in coupling be-
tween the modes and from (32) it is clear that must be elimi-
nated if the modes are to be tuned exactly. Equation (29) shows
that may be eliminated with appropriate values of and .
However, which set of tuning electrodes are employed is deter-
mined by the sign of found from (38).
230 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 14, NO. 2, APRIL 2005
If , choosing and will
remove the cross coupling between the modes.
If , choosing and will
remove the cross coupling between the modes.
The corresponding voltages that must be applied are found
from (19).
Therefore,
(40)
where
With the cross coupling between the modes eliminated,
and the frequency split due to the imperfection parameter may
be removed using the set of electrodes corresponding to stiffness
matrix or . The decision as to which set of electrodes are
employed is determined by the sign of as calculated from (39).
Substituting into (27) yields the condition
(41)
(42)
(43)
From (16), the required voltages on the direct electrode set are
given by
(44)
IX. EXPERIMENTAL DEMONSTRATION OF
ELECTROSTATIC TUNING
A ring gyroscope manufactured by QinetiQ, as shown in
Fig. 3, was chosen to demonstrate electrostatic tuning. Table I
shows the dimensions of the device. The ring is fabricated
from (111) silicon of density 2330 kg/m and elastic modulus
169 GPa.
As the mathematical model for the tuning procedure is very
sensitive to the electrode gap, was measured using a scan-
ning electron microscope. For this single axis gyroscope the
flexural modes of vibration utilized are the modes and
driving and sensing is accomplished through a cyclic arrange-
ment of eight electrode pairs. Referring to (13), it is clear that
the electrode arrangement only permits adjustment of the di-
rect imperfection parameter . A consequence of this is that the
coupling between the modes corresponding to generalized co-
ordinates and will remain unchanged. Therefore, the final
value of the frequency split will be determined by the magnitude
of the cross-imperfection parameter and perfect tuning cannot
be achieved in this case.
A. Experimental Set-Up
The circuitry used to drive and sense the gyroscope is shown
in Fig. 5. In this figure mode (1) and mode (2) correspond to
the and modes, respectively. A bias of 30 V
was placed on the ring; the silicon substrate, device carrier and
the two unused sense electrodes were also set to this voltage.
The high manufacturing tolerances of QinetiQ produces a well-
tuned gyroscope with a frequency split between the modes of
39 Hz. In order to investigate the electrostatic tuning process
over a larger range, artificial mis-tuning was introduced by ap-
plying a V bias (with respect to the ring) to the set of tuning
electrodes corresponding to the mode. For this device
. Thus, a variable voltage supply was connected to the
set of tuning electrodes corresponding to the mode. In
this case four tuning electrode were used to adjust the direct
terms so .
All dynamic measurements were obtained at a pressure of
0.02 mbar. At this low pressure the damping ratios of the modes
are very small. Thus the resonant frequencies of the modes may
be obtained from either displacement or velocity measurements
with negligible difference.
The voltage between the ring and the sense electrode is
constant. Therefore, as the vibration of the ring modulates
the air-gap between the ring and the electrodes, the current
produced at a sense electrode is due only to the time varying
capacitance. The capacitance between the ring and a sense
electrode at any instant is given by
Therefore,
The constants and depend upon the electrode geometry.
The current produced at the sense electrode will therefore be
proportional to the modal velocities.
The mode of the gyroscope was driven with 0.25 V
a.c with a 25-V dc component. Two drive electrodes were em-
ployed thus . The current detected by the sense electrodes
of each mode was converted to a voltage and fed into a HP-3562
dynamic signal analyzer together with the a.c. drive signal. The
remaining drive and sense electrodes were held at the same po-
tential as the ring.
B. Experimental Results
Fig. 6 shows the velocity frequency response function mea-
sured at the sense electrode of the mode when forcing
is provided by the drive electrodes of the mode. Note
that the voltage bias has been applied in order to increase the
frequency split between the modes artificially. A tuning voltage
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Fig. 10. The Nyquist plot from the cos(n) mode sense electrode when forcing at the sin(n) drive electrode. Tuning voltage V = 58.
of 0 V with respect to the ring is applied to the tuning electrodes
of the mode. This corresponds to . The natural
frequencies and amplitudes of both modes were then measured
for increasing values of . STAR modal software was used to
fit the frequencies and amplitudes of each peak for the range of
tuning voltages used.
Fig. 7 illustrates the measured mode frequencies and modal
amplitudes for the various values of . The modal amplitudes
were obtained by fitting a circle to the Nyquist plot of the ve-
locity frequency response data. As a result of the coupling be-
tween the modes, the vibrations are coupled and the dependency
of the frequency split with applied voltage is hyperbolic in na-
ture. As a result the two modes will be excited simultaneously
and will beat. This is a classical result typical of coupled vi-
brators [22]. Far from the position of minimum frequency split
the oscillations are nearly distinct. This is evident from Fig. 7
from the relative amplitudes of the modes. Clearly, when the
frequency split is at its maximum, the amplitude of one mode is
much greater than that of the other. However as the frequency
split is reduced, the difference in amplitude between the two
modes reduces. When the frequency split is a minimum both
modes are excited to similar amplitudes and it is difficult to dis-
tinguish them.
C. Calculation of the Tuning Voltages and Comparison
With Experiment
The first step required in the model is to determine the pa-
rameters and described by (33) and (36), respectively, at
. A measurement of the natural frequencies yields the
value of . To determine the parameter , the relative ampli-
tudes of the modes must be measured. This is performed by
forcing the drive electrodes of the mode and then mea-
suring the response of the and modes at their
respective sense electrodes. Figs. 8 and 9 illustrates the mea-
sured Nyquist plots for both modes and the values of the radii
fitted to each. Table II shows the measured values of , and
. Also shown are the imperfection parameters and deter-
mined from , and by (38) and (39).
The electrode configuration of the device does not permit
adjustment of the coupling between the and
modes for the case where . Therefore the imperfection pa-
rameter will remain constant throughout the tuning procedure
and will ultimately determine the minimum frequency split. For
this device and the value of the voltage required to
eliminate the effect of is described by (44). The tuning voltage
corresponding to the electrode gap size of m has
the value of V. The result that nonzero voltages must
be applied to the tuning electrodes of the mode, is con-
sistent with the fact that .
Fig. 10 shows the Nyquist plot for V. It was at this
voltage that the minimum frequency split occured. The ratio of
the radii of the Nyquist circles at this voltage has the value of
1.18. Since the contribution to the overall motion from each
mode is similar at this voltage, determining which mode cor-
responds to which natural frequency is difficult.
Fig. 11 illustrates the theoretical and experimental tuning
curves for the gyro with a constant bias voltage applied to ar-
tificially increase the amount of imperfection. Two theoretical
curves corresponding to the m tolerance on the nom-
inal value of the electrode gap have been drawn to create the
band shown in the figure. From Fig. 11, the experimental data
shows that a minimum frequency split of 21 Hz was obtained
for a tuning voltage of 58 V. Through employing (27) and (44)
with , the frequency split may be plotted
as a function of the tuning voltage and compared with the
experimental data.
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Fig. 11. Frequency split versus voltage with coupling between modes present.
TABLE II
MIS-TUNING PARAMETERS
D. Discussion
A potential difference of 60 V dc was applied between the
four tuning electrodes of the mode and the ring. This
was to done in order to create an artificial stiffness imperfec-
tion, which will add to the structural imperfections present in
the ring. The tuning characteristics of the ring gyroscope may
now be investigated over a larger range. Note that the drive
voltage also creates an offset bias, which the tuning electrodes
will have to additionally compensate for. The accuracy of the
theoretical model is very sensitive to the electrode gap. By in-
corporating the tolerance of the electrode gap as determined by
scanning electron microscopy, the predicted tuning voltage to
remove the direct imperfections was found to be V.
Since the experimentally obtained tuning voltage of 58 V lies
within the extreme predicted values, there is agreement between
the model and experiment. Fig. 11 shows that the experimental
tuning curve lies within the theoretical tuning band except near
the voltage at which the minimum frequency split occurs. This
discrepancy near the minimum frequency split may be attributed
to the noninclusion of the products and in this analysis.
As a result the model will overestimate the value of the imper-
fection parameter . In Fig. 11 this is manifested as an increase
in the minimum frequency split.
E. Complete Tuning of the QinetiQ Ring Gyroscope
The current electrode configuration on the QinetiQ ring
gyroscope does not enable modification of the cross coupling
between the flexural modes of order and thus the
frequency split cannot be completely eliminated. However,
employing the electrode configuration illustrated in Fig. 2 does
Fig. 12. Frequency split versus voltage with coupling between modes
removed.
permit the modes to be tuned. For example, consider the case
where radians. For this device . The voltage
required to remove the cross-coupling is determined by (40)
and has the value V. With the coupling removed
the mode frequencies may be brought into coincidence with the
appropriate choice of . Fig. 12 shows the frequency split as a
function of . The frequency split is zero when V.
X. CONCLUSION
Structural imperfections introduced into the ring gyroscope
results in anisoinertia and anisoelasticity. Consequentially, the
-order flexural modes of vibration are no longer degenerate
and thus have nonidentical natural frequencies. Additionally the
modes become coupled. For the ring gyroscope matching the
natural frequencies of the primary and secondary modes greatly
improves the sensitivity to rates of rotation. Therefore, a tuning
procedure is highly desirable. Mass trimming techniques are
popular however these cannot be used during operation. In addi-
tion, there is some degree of structural damage associated with
mass trimming techniques, which may reduce the quality factor
of the device. Electrostatic tuning does present an alternative
method that may be implemented as part of an active tuning
procedure during operation and does not produce any structural
damage.
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An analytical model of a slightly imperfect ring incorporating
electrostatic tuning has been generated. The model was used to
determine suitable electrode positions that permit the removal
of anisoinertia and anisoelasticity and thus enable the modes
to be tuned. It was shown that suitable electrode positions are
described by
Electrodes positioned at the angles and will adjust the
direct and cross terms of the stiffness matrix of the ring, respec-
tively. For cyclically arranged electrodes, it was shown that the
electrodes form four distinct sets of electrodes. Two sets to
adjust the cross coupling between the modes and two further sets
to adjust the direct terms of the stiffness matrix. Expressions for
the voltages that can be applied to the electrode sets to remove
the coupling and eliminate the frequency split have been found.
A practical demonstration of the electrostatic tuning proce-
dure has been performed on a QinetiQ ring gyroscope. On this
device the electrodes are arranged cyclically at positions de-
scribed by . Since there are no electrodes at the positions de-
scribed by , the coupling between the modes will remain con-
stant. To adjust the frequency split, one set of electrodes was
biased with dc voltages. The frequency split was then plotted
for dc voltages in the range 0 to 110 V to investigate the tuning
characteristics of this coupled example.
A comparison between the theoretical model and the experi-
mental data was made. The voltage at which the frequency split
is a minimum was found experimentally to be 58 V. This value
is in agreement with the value of V predicted by
the model. In addition, there is good agreement between the
theory and experiment for the variation in the frequency split
with voltage. However, there is a discrepancy between the min-
imum frequency split measured and that predicted by the model.
The minimum frequency splits obtained experimentally and the-
oretically have the values of 22 Hz and 50 Hz, respectively. The
discrepancy may be reduced by the inclusion in the analysis of
the products and , which have been neglected. However
this would require separation of the net structural imperfection
into the individual mass and stiffness contributions, which is a
complex problem.
The model was used to illustrate how to completely elimi-
nate the frequency split in the QinetiQ ring gyroscope. In the
example considered, sixteen cyclically arranged electrodes of
arc angle radians were shown to permit elimination
of the frequency split between the modes of order . Re-
moval of the coupling between the modes was predicted to be
achieved by applying a dc voltage of 114.3 V to the four elec-
trodes at angular positions , and radians.
The natural frequencies could then be made equal through ap-
plying a dc voltage of 60.3 V to the electrodes at angular posi-
tions , and adians.
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